We show that the typical nonexpansive mapping on a small enough subset of a CAT(κ)-space is a contraction in the sense of Rakotch. By typical we mean that the set of nonexpansive mapppings without this property is a σ-porous set and therefore also of the first Baire category. Moreover, we exhibit metric spaces where strict contractions are not dense in the space of nonexpansive mappings. In some of these cases we show that all continuous self-mappings have a fixed point nevertheless.
Introduction
The celebrated fixed point theorem of Brouwer asserts that every continuous self-mapping of a bounded, closed and convex subset of a Euclidean space has a fixed point. Unfortunately, this result does not generalise to bounded, closed and convex subsets of infinite-dimensional Banach spaces, as in this case the unit sphere is a continuous retract of the closed unit ball by Dugundji's extension theorem [10] . As a matter of fact, the unit sphere is known to be even a Lipschitz retract of the closed unit ball in all infinitedimensional Banach spaces [3] . For this reason, in the infinite-dimensional setting it is more interesting to only consider the nonexpansive mappings instead of the continuous ones. Recall that a mapping f : X → X on a metric space (X, ρ) is called nonexpansive if it satisfies
for all x, y ∈ X. In [5] F. E. Browder showed that every nonexpansive self-mapping of the closed unit ball of the Hilbert space ℓ 2 has a fixed point. This result was later extended to nonexpansive self-mappings of bounded, closed and convex subsets of all uniformly convex spaces Banach spaces and beyond; see, for example, [13, 14, 17] . In [7, 8] F. S. de Blasi and J. Myjak took a different approach to this problem: instead of aiming at a characterisation of the Banach spaces with the property that every nonexpansive self-mapping of a bounded, closed and convex subset has a fixed point, they showed that the typical nonexpansive self-mapping of a bounded, closed and convex subset of an arbitrary Banach space has a fixed point. In this case, the term "typical" means that the set of mappings without this property is very small in the topological sense. In the first of these articles, it is shown that this set is the complement of a dense G δ -set and in the second one that it is even σ-porous. Roughly speaking, the concept of porous sets is a quantitative version of the concept of nowhere dense sets, which was introduced by A. Denjoy in [9] . For a detailed discussion of different concepts of porosity, we refer the interested reader to [23] .
It seems natural to ask whether it is possible to explain the existence of fixed points of typical nonexpansive mappings in terms of fixed point theorems. Already in their original papers, de Blasi and Myjak showed that in the case of Hilbert spaces, it is not Banach's fixed point theorem which is behind their result. More precisely, they showed that the set of strict contractions, that is, the set of nonexpansive mappings f : C → C for which there is an L < 1 satisfying
for all x, y ∈ C is not only of the first Baire category, but even σ-porous. In [1] this result was generalised to general Banach spaces and in [2] to a class of metric spaces.
In [18] , E. Rakotch proved a generalisation of Banach's fixed point theorem. More precisely, in this more general version the Lipschitz constant is replaced by a decreasing function. A mapping f :
for all x, y ∈ C. In [20] the fourth author together with A. J. Zaslavski exhibit a set of nonexpansive mappings which are all contractive in the sense of Raktoch and the complement of which is σ-porous. In some sense, this can be seen as an explanation of the results of de Blasi and Myjak in terms of fixed point theorems. In [21] this result was generalised to closed star-shaped subsets of hyperbolic spaces. The class of hyperbolic spaces was introduced in [19] and it contains those metric spaces with a big enough family of metric lines where the resulting triangles are thinner than in Euclidean space.
With the aim of developing a curvature theory for spaces without differentiability structure M. Gromov introduced in [15] the concept of CAT(κ)-spaces. Roughly speaking, a CAT(κ)-space is a geodesic metric space where the triangles are thinner than the ones in a corresponding model space. These model spaces are either Euclidean space or a suitably scaled version of the sphere or of the classical 2-dimensional hyperbolic space in the sense of non-Euclidean geometry. For more details on CAT(κ)-spaces, we refer the reader to [4, 6] . In [2] the concept of weakly hyperbolic spaces was introduced. The class of weakly hyperbolic spaces contains the class of hyperbolic spaces and the class of all CAT(κ)-spaces for all κ ∈ R. In [2] it is shown that the typical nonexpansive mapping on a closed and star-shaped subset of a weakly hyperbolic space has the maximal possible Lipschitz constant one. Combining this result with the ones of [21] we see that, in the case of hyperbolic spaces, the typical nonexpansive mapping is contractive in the sense of Rakotch, but nevertheless has Lipschitz constant one. One could interpret this statement in the sense that, in the case of non-positive curvature, on large scales the typical nonexpansive mapping behaves like a contraction but on small scales it approximates an isometry. Note that the result on the Lipschitz constant of the typical nonexpansive self-mapping is also known in the case of positive curvature, whereas the question of whether it is contractive in the sense of Rakotch has not yet been resolved. The aim of the present note is to address this question for the class of CAT(κ) with κ > 0.
For recent results in metric fixed point theory on spaces with positive curvature, we refer the reader to [11, 12, 16] .
Since in the case of positive curvature, we need a bound on the diameter of the convex set, we only consider spaces of nonexpansive mappings on bounded, closed and convex subsets of CAT(κ)-spaces.
Preliminaries and notation
Recall that a metric space (X, ρ) is called geodesic if for every pair of points x, y ∈ X, there is an isometric embedding c : [0, ρ(x, y)] → X with c(0) = x and c(ρ(x, y)) = y. We call the image of this interval a metric segment joining x and y and denote it by [x, y]. Note, however, that in general the above metric segment might not be unique so, in general, the notation [x, y] is not well defined. Given x, y ∈ X with a unique metric segment [x, y], for λ ∈ [0, 1], we may define (1 − λ)x ⊕ λy as the unique point z on this segment with
An isometric image of the whole real line R is referred to as a metric line. We call a subset C ⊂ X (metrically) convex if for every pair of points x, y ∈ C it contains a metric segment connecting them. Next, we recall the definition of CAT(κ)-spaces from [ with the metric scaled by a factor of 1/ √ −κ.
We write d κ for the metric on M κ .
2. Let κ ∈ R and (X, ρ X ) be a metric space. Given three points x 1 , x 2 , x 3 ∈ X and metric segments of the form
whenever x, y ∈ T are comparison points for x, y ∈ T . If κ > 0, then we define a constant D κ = diamM κ = π √ κ and we say that (X, ρ X ) is a CAT(κ) space if for every pair of points x, y ∈ X with ρ X (x, y) < D κ there is a metric segment joining x and y and (1) is satisfied for all geodesic triangles T ⊆ X with perimeter smaller than 2D κ , that is,
Thus, CAT(κ) spaces can be thought of as metric spaces for which every sufficiently small geodesic triangle is 'thinner' in all directions than a corresponding triangle in the model space M κ . The classes of CAT(κ) spaces are increasing in the sense that whenever
Finally, we recall the definition of σ-porous sets.
The set A is called porous if it is porous at all its points and A is called σ-porous if it is the countable union of porous sets.
Note that the definition of porous sets differs slightly from the one used in [8] . For σ-porous sets both definitions agree. A detailed discussion of these differences and why for σ-porosity they do not matter can be found in [2, p. 93 ].
The typical nonexpansive self-mapping on a small enough set is a Rakotch contraction
Let (X, ρ) be a CAT(κ) space and let C ⊂ X be a bounded and closed subset. We consider the space
equipped with the metric
We show that on small enough closed and suitably "star-shaped" subsets of a CAT(κ) space the typical nonexpansive self-mapping is a Rakotch contraction. In other words, we intend to show the following theorem:
Let M denote the space of nonexpansive mappings on C defined by (2) . Then the set of mappings which are not contractive in the sense of Rakotch is a σ-porous subset of M. Proof of Theorem 3.1.
Roughly speaking, the strucutre of the proof of Theorem 3.1 can be described as follows:
We start by establishing some tools on the two-dimensional sphere S 2 . Using these tools, we show that the set of strict contractions is a dense subset of M. We pick a null sequence (a n ) by setting a n = R/n. Then using the density of the strict contractions, given f ∈ M we can find a strict contraction f γ arbitrarily close. Then we show that all mappings g ∈ M which are close to f γ , on distances larger than a n behave like strict contractions. Since a n → 0, in the last step we may conclude that the typical f ∈ M is a Rakotch contraction.
As outlined above, we first consider the case of the sphere S 2 in the three-dimensional Euclidean space. In this case we have D κ = π and hence we let 0 < R < π 2 and x ∈ S 2 be given. We denote by ρ S 2 the intrinsic metric on the sphere and set
Now for t ∈ [0, 1], we define the mapping
and note that ρ S 2 (x, s x,R,t (y)) = tρ S 2 (x, y) < tR
In order to show that Banach contractions form a dense subset of M, we first investigate the Lipschitz constant of s x,R,t .
Lemma 3.3. Let t ∈ [0, 1) be given. The function s x,R,t is a strict contraction. More precisely, we have Lip s t ≤ t 1/k R for some k R ≥ 2 which only depends on R.
Proof. Given two points y, z ∈ B(x, R), we use the notation a := ρ S 2 (x, y), b := ρ S 2 (x, z) and c := ρ S 2 (y, z).
In order to abbreviate the notation, we write s t for the function s x,R,t . Moreover, we set
and observe that ρ S 2 (x, s t (y)) = ta, and ρ S 2 (x, s t (z)) = tb.
Using this notation, our aim is to show that
Without loss of generality, we may assume that a ≥ b > 0. The law of haversines allows us to write hav c = hav(a − b) + sin a sin b hav γ,
where γ is the angle of the triangle spanned by x, y, z at the vertex x. Again using the law of haversines, we obtain hav c t = hav(t(a − b)) + sin(ta) sin(tb) hav(γ) ≤ t hav(a − b) + t 2/k sin a sin b hav γ ≤ t 2/k (hav(a − b) + sin a sin b hav γ) = t 2/k hav c for some k ≥ 2 by Lemma 3.4, taking into account that hav ϑ = sin 2 ϑ 2 and a−b ∈ [0, π/2). Using the concavity of the function ξ → √ hav ξ on [0, π], we may conclude from the above that
that is, s t is t 1/k -Lipschitz. In particular, s t is a strict contraction. Proof. We consider the second derivative of this function and note that
This is because the cotangent function is decreasing on (0, R).
Now that on the sphere we have all tools available, we return to the CAT(κ) space (X, ρ X ).
Lemma 3.5. Let (X, ρ X ) be a CAT(κ) space for some κ ∈ R. Moreover, let x ∈ X and R > 0. In the case where κ > 0, we assume that R < Dκ
is a strict contraction with Lip s X,x,R,t ≤ t 1/k κ,R for some k κ,R > 0 which only depends on κ and R.
Proof. For κ ≤ 0 we may obviously pick k κ,R = 1. Therefore we now consider the case where κ > 0. Let y, z ∈ B(x, R) be given. We consider the triangle with vertices x, y, z and pick a comparison triangle in M κ with verticesx,ȳ,z. In other words, we have points on the unit sphere S 2 with the properties that
We set s t := sx , √ κR,t . Using the above identities, we may use Lemma 3.3 to obtain a constant k := k √ κR and conclude that
Proof of Theorem 3.1. Since C is bounded, closed and C ⊂ B(x, D κ /2) for some x ∈ C, we may pick 0 < R < D κ /2 with C ⊂ B(x, R). We set
and show that M \ K n is porous. In order to keep the notation succinct, we use the abbreviations s t := s X,x,R,t and k := k κ,R , where the latter number is the reciprocal of the exponent from Lemma 3.5 corresponding to R and κ. Let f ∈ M and r ∈ (0, 1]. We set γ := r 2(R + 1)
and
,
for all y, z ∈ C by Lemma 3.5. Observe that for y, z ∈ C with ρ(y, z) ≥ R n , we have 
and hence g ∈ K n . Moreover, using the inequality d ∞ (f γ , g) ≤ αr, we see that
This shows that M \ K n is porous. Finally, observe that every mapping g ∈ ∞ n=1 K n is contractive in the sense of Rakotch.
An application.
Whilst Theorem 3.1 establishes that the typical mapping f ∈ M in the given setting is a Rakotch contraction, it is known, in more general settings, that the typical mapping f ∈ M is not a strict contraction, that is, it has Lipschitz constant one; see [1] and [2] . Therefore, for the typical mapping f ∈ M, one can ask about the size of the set of points x ∈ M which 'witness' the fact that Lip f = 1. There are two natural means to make this question precise: For a mapping f ∈ M and point x ∈ C, we consider the quantities Observe that Lip(f, x) ≤ Lip(f, x) ≤ Lip f . Moreover, it is easy to come up with examples where the two inequalities in this sequence are strict. Thus, the three compared quantities are, generally speaking, only loosely related. In general, we have the identity Lip f = sup x∈C Lip(f, x) and in the case where C is convex, we have Lip f = sup x∈C Lip(f, x); see [2, Lemma 3.4] .
For the typical f ∈ M, the quantities defined above offer two means to make precise the notion that a point x ∈ C witnesses the fact that Lip f = 1. We can either regard x as such a witness if Lip(f, x) = 1 or we can regard x as such a witness if Lip(f, x) = 1. Thus, for a mapping f ∈ M we consider the following two sets: However, when X is a hyperbolic metric space and C ⊂ X is star-shaped, the paper [2, Corollary 3.9] establishes that for the typical f ∈ M, the set R(f ) is large in the sense of the Baire Category Theorem, that is, it is a residual subset of C. This result leaves open the case where X is a CAT(κ) space with κ > 0. As a consequence of Theorem 3.1, we are able to treat this case, provided that C is sufficiently small. The proof exploits the following noteworthy property of Rakotch contractions observed without proof in [1] . We provide its short proof in full.
Lemma 4.1. Let (X, ρ X ) be a metric space, C ⊆ X be a closed set and f : C → C be a nonexpansive mapping which is contractive in the sense of Rakotch. Then
Proof. We only need to verify the inclusion R(f ) ⊆ R(f ). Given x ∈ R(f ), we can find a sequence (y k ) ∞ k=1 of points y k ∈ C such that
On the other hand, we have
is the function witnessing that f is a Rakotch contraction. Letting k → ∞, we deduce that lim k→∞ φ f (ρ(y k , x)) = 1. Since φ f is decreasing, we additionally have
for every ε ∈ (0, lim sup k→∞ ρ(y k , x)). To see this, evaluate the limit on the left-hand side along a subsequence which realises lim sup k→∞ ρ(y k , x). Given that φ f (t) < 1 for t > 0, this leaves only the possibility lim sup k→∞ ρ(y k , x) = 0. Hence y k → x and so x ∈ R(f ). 
C ⊂ X be a bounded closed set and M denote the space of nonexpansive mappings on C defined by (2) . Let x ∈ C be such that C ⊂ B(x, D κ /2) and for every z ∈ C the metric segement [z, x] connecting z to x is contained in C. Then there is a σ-porous subset P of M such that for every f ∈ M \ P the set
is a residual subset of C. We may assume that C is not the singleton {x}, as otherwise M is also a singleton and the statment becomes trivial. Applying [2, Theorem 3.7] to X, C X = X, D X = D κ , Y = X, C Y = C and M = M(C X , C Y ) (in the notation of [2] ), we obtain a σ-porous set N ⊆ M such that for every f ∈ M \ N the set R(f ) is a residual subset of C. Moreover, for Rakotch contractive f ∈ M \ N this set R(f ) coincides with R(f ), by Lemma 4.1. Therefore, the desired σ-porous set P ⊂ M may be taken as the union of N and the σ-porous set N given by the conclusion of Theorem 3.1.
Cases where the set of Banach contractions is not even dense
We consider the case X = S n of the n-dimensional sphere with the intrinsic metric. For a closed subset C ⊂ X, we define
It is not difficult to see that if C is not convex, then the set of strict contractions need not be dense in M.
Lemma 5.1. We denote by S n the n-dimensional sphere. Let x ∈ S n , n ∈ N \ {0}, 0 < r < R < π and C = B(x, R) \ B(x, r). The set of mappings which are strict contractions is not dense in M.
Proof. Let ε > 0 be small enough and let f : C → C be the rotation with axis x such that ρ(y, f (y)) ≥ ε for all y ∈ C. Assume that there is a strict contraction g ∈ B(f, ε 2 ) ⊂ M. Then g has a fixed point z ∈ C. On the other hand, the inequalities
hold, which is a contradiction.
As a direct consequence of this Lemma we obtain the following Corollary.
Corollary 5.2. Let Y be a complete metric space such that a scaled version of S n is contained in Y as an isometric copy for some n ∈ N \ {0}. Then there is a connected closed subset C ⊂ Y such that the set of strict contractions is not dense in M. with the intrinsic metric induced by R n+1 .
The set
with the intrinsic metric induced by R n+1 .
Note that on the sphere, balls of radius larger than π 2 are not convex, since for a pair of points whose distance to the centre is larger than π 2 and lying on "opposite sides" of the centre, the unique metric segment connecting them passes through the complement of the ball. Proof. There is a homeomorphism h : C → K ⊂ R n with K compact and convex; we may take, for example, the stereographic projection which maps the hemisphere onto a disc. The mapping F : K → K defined by F = h • f • h −1 is a continuous self-mapping of a compact and convex set and has therefore a fixed point z in K by Brouwer's fixed point theorem. Then x = h −1 (z) ∈ C is a fixed point of f .
Remark 5.5. In [22, p. 70, Theorem 13.13.] J. H. Wells and L. R. Williams proved that a nonexpansive mapping from a subset of the sphere into the sphere, whose range has diameter greater than π, or equivalently whose range is contained in no hemisphere, can be extended to an isometry on the whole sphere. Therefore strict contractions are not dense even in the case C = B(x, R) for R > π 2 . Combined with our result above, this shows that on C although the set of strict contractions is not dense in the space of nonexpansive self-mappings, every continuous self-mapping has a fixed point.
